We look for pointwise bounds on a plurisubharmonic function near its singularity point, given the value of its generalized Lelong number with respect to a plurisubharmonic weight. To this end, an extremal problem is considered. In certain cases, the problem is solved explicitly.
Introduction
Let m = {f ∈ O 0 : f (0) = 0} be the maximal ideal in the local ring O 0 of germs of analytic functions at 0 ∈ C n . It is not hard to see that the mixed multiplicity e n−1 (J , m) (due to Teissier and Risler [16] and Bivià-Ausina [1] ) of an ideal J of O 0 and n − 1 copies of m is at least p, p ∈ Z + , if and only if J ⊂ m p ; this follows from the fact that e n−1 (J , m) equals the minimal multiplicity of functions f ∈ J .
Let now I be an m-primary ideal of O 0 (which means that the common zero set of functions from I is {0}); what can be said about an ideal J if e n−1 (J , I) ≥ p?
If the ideal I is generated by functions g 1 , . . . , g l (l ≥ n) and the ideal J is generated by functions f 1 , . . . , f m , then the value e n−1 (J , I) equals the residual mass of the Monge-Ampère current dd c log |f | ∧ (dd c log |g|) n−1 at 0, which is, actually, the generalized Lelong number (due to Demailly) ν(log |f |, log |g|) of the plurisubharmonic function log |f | with respect to the plurisubharmonic weight log |g|; here |f | 2 = |f j | 2 and similarly for g and all other vector functions (mappings) below. When ϕ(z) = log |z − x|, x ∈ C n , the value ν(u, ϕ) is the classical Lelong number ν u (x) of u at x. In this case, we have the bound u(z) ≤ ν u log |z − x| + O(1) as z → x, and ν u (x) ≥ c if and only if u ≤ c log |z − x| + O(1) near x, which is a plurisubharmonic analogue to the remark above on e n−1 (J , m).
More generally, let a ∈ R n + and φ a,x (z) = max
Then u(z) ≤ ν u (x, a)φ a,x (z) + O(1) with ν u (x, a) the directional Lelong numbers due to
Kiselman at x for a ∈ R n + . In terms of Demailly's generalized Lelong numbers ν(u, ϕ) with respect to plurisubharmonic weights ϕ, this gives u ≤ τ −1 ν(u, φ a,x )φ a,x + O(1),
where τ = (a 1 . . . a n ) −1 = (dd c φ a,x ) n ({x}) is the Monge-Ampère mass of φ a,x at x.
In the general case, the relation u(z) ≤ τ τ ϕ been the residual mass of (dd c ϕ) n at x = ϕ −1 (−∞), need not be true for all u, even for the weights ϕ that are maximal outside x.
Example 1 Let ϕ = log |f | with f (z 1 , z 2 ) = (z 3 1 − z 3 2 , z 1 z 2 ); we have (dd c ϕ) 2 = 6δ 0 . The function u(z) = log |z 1 | satisfies ν(u, ϕ) = 3, so the inequality (1.2) would take the form log |z 1 | ≤ (1.
3)
The extremal function d ϕ is plurisubharmonic and maximal outside the singularity point of ϕ, so it is a fundamental solution for the complex Monge-Ampère operator (dd c ) n . It turns out that, unless ϕ is such that (1.2) is true for all u, one cannot characterize the condition ν(u, ϕ) ≥ c by means of any upper bound on u. That is why relation (1.3) need not imply ν(u, ϕ) ≥ c; what it does imply is that u is the upper envelope of the family of functions with this property.
Then we turn to the question of explicit construction of this extremal function. Let us assume that a weight ϕ has asymptotically analytic behavior, that is, for any ǫ > 0,
with g ǫ a holomorphic mapping, g ǫ (x) = 0, and c ǫ > 0. determined by the weight ϕ. As a consequence, it is continuous (as a map to R ∪ {−∞}) and has asymptotically analytic singularity.
When ϕ has homogeneous (in logarithmic coordinates) singularity, the asymptotic of d ϕ can be determined explicitly; this reflects, in particular, the fact that the largest plurisubharmonic minorant for the minimum of homogeneous plurisubharmonic functions can be computed easily. The extremal function is found by means of an integral representation for the generalized Lelong numbers with homogeneous weights [14] . The asymptotic turns out to be simplicial, equivalent to φ a,x with a ∈ R n + such that
A weight ϕ = log |g| with analytic singularity given by a mapping g : C n 0 → C n 0 is equivalent to a homogeneous weight if and only if the multiplicity of g at 0 equals n! times the covolume of the Newton polyhedron of g at 0 [15] , and the latter holds, by Kouchnirenko's theorem, for generic mappings g with given Newton polyhedron. Furthermore, if all the components of g are monomials, then ϕ = log |g| is homogeneous. Thus, the above result on homogeneous singularities solves explicitly the problem on ideals J satisfying the condition e n−1 (J , I) ≥ p for a monomial ideal I.
In addition, the homogeneous case indicates that the functions d ϕ form rather a small subclass of Green-like plurisubharmonic functions, containing, of course, the class of weights ϕ for which (1.2) holds true for every plurisubharmonic function u (and thus d ϕ = ϕ + O(1));
we call such functions flat. In particular, a homogeneous weight is shown to be flat if and only if it has simplicial asymptotic. So, for homogeneous weights, the functions d ϕ are precisely flat weight. It is plausible to conjecture that this holds in general situation as well, however we were not able to prove it.
We characterize flat weights ϕ by the relation
for all plurisubharmonic functions u j . The proof is based on the following result that has independent interest: If a plurisubharmonic function u dominates maximal weight ϕ and ν(u, ϕ) = ν(ϕ, ϕ), then u = ϕ + O(1). A sufficient "inner" condition for a weight to be flat is also given. In addition, flat weights are used to get upper bounds for d ϕ in the general case.
The paper is organized as follows. The next section contains basic facts on generalized Lelong numbers and Green functions. In Section 3 we construct the extremal function d ϕ as the upper envelope of negative plurisubharmonic functions u with given value of ν(u, ϕ). This function is computed in Section 4 for the case of homogeneous singularity, and in Section 5 it is described for weights with asymptotically analytic singularities. In Section 6 we study the class of flat weights. Finally, in the last section we address a few open questions.
Preliminaries
Given a domain Ω ⊂ C n , let P SH(Ω) denote the class of all plurisubharmonic functions on Ω and P SH − (Ω) be its subclass consisting of the nonpositive functions. If x ∈ C n , P SH x will mean the collection of all germs of plurisubharmonic functions near x.
We recall that a function u ∈ P SH(Ω) is called maximal on Ω if for any v ∈ P SH(Ω) the relation {v > u} ⋐ Ω implies v ≤ u on Ω. A locally bounded u is maximal on Ω if and only if (dd c u) n ≡ 0 there.
Lelong numbers and generalizations
The Lelong number of u ∈ P SH x at the point x ∈ C n is
. It can also be calculated as
where λ u (x, r) is the mean value of u over the sphere |z − x| = e r , see [10] .
A more detailed information on the behavior of u near x can be obtained by means of the directional Lelong numbers due to Kiselman [11] 
where a = (a 1 , . . . , a n ) ∈ R n + , the function φ a,x is defined by (1.1), and λ u (x, ra) is the mean value of u over the set {z :
A general notion of the Lelong number with respect to a plurisubharmonic weight was introduced and studied by J.-P. Demailly [4] , [7] . Let ϕ be a continuous plurisubharmonic function near x ∈ C n , locally bounded outside x, and ϕ −1 (−∞) = {x}; we can assume
. Such functions are called weights (centered at x), and the collection of the weights will be denoted by W x . A weight ϕ ∈ W x is be called maximal if it is a maximal plurisubharmonic function on a punctured neighborhood of x (i.e., satisfies (dd c ϕ) n = 0 outside x). We denote the class of all maximal weights centered at x by M W x ; when we want to specify that ϕ is maximal on ω \ {x}, we write ϕ ∈ M W x (ω).
is called the generalized Lelong number, or the Lelong-Demailly number, of u with respect to the weight ϕ.
We list here some basic tools for dealing with the generalized Lelong numbers with respect to weights ϕ ∈ W x , see details in [7] .
Theorem 3 If lim sup
Denote ϕ r = max{ϕ, r}; the measure µ ϕ r = (dd c ϕ r ) n − χ r (dd c ϕ) n on the pseudosphere S ϕ r = {z : ϕ(z) = r} is called the swept out Monge-Ampère measure for ϕ; here χ r is the characteristic function of the set C n \ B ϕ r . Any u ∈ P SH(B ϕ R ) is µ ϕ r -integrable for r < R, and satisfies the following relation, which we will call the Lelong-Jensen-Demailly formula,
which is an analogue to formula (2.2). In particular, ν u (x) = ν(u, log | · −x|) and
with the weights φ a,x defined by (1.1).
Yet another generalization of the notion of Lelong number, developing its presentation (2.1), are relative types introduced in [15] . For any function u ∈ P SH x , we denote its type
Maximality of ϕ implies the bound
The types have properties similar to those given in Theorems 1-2, and are related to the Lelong-Demailly numbers by the inequality
where τ ϕ = ν(ϕ, ϕ), which follows from Theorem 2.
Almost homogeneous weights
Let a nonpositive plurisubharmonic function Φ in the unit polydisk D n satisfy the relation
It is a continuous function in D n , and (dd c Φ) n = 0 on {Φ > −∞}. Such functions arise as plurisubharmonic characteristics for local behavior of plurisubharmonic functions near their singularity points. Namely, given a plurisubharmonic function v, its (local) indicator at a point x is a plurisubharmonic function Ψ v,x in D n such that for any y ∈ D n with y 1 ·. . .·y n = 0,
This function satisfies (2.10) and is the largest nonpositive plurisubharmonic function in D n whose directional Lelong numbers at 0 coincide with those of v at x, so
near x, see the details in [12] , [13] .
A function ϕ ∈ P SH(Ω) with ϕ −1 (−∞) = x ∈ Ω is said to be almost homogeneous at x if it is asymptotically equivalent to its indicator Ψ ϕ,x [14] , that is,
A weight ϕ = log |g| generated by a holomorphic mapping g with isolated zero at x was proved in [15] to be almost homogeneous if and only if the multiplicity of g at x equals the Monge-Ampère mass of (dd c Ψ log |g|,x ) n of the indicator of log |g|.
Theorem 3 reduces computation of the generalized Lelong-Demailly numbers with respect to almost homogeneous weights ϕ to those with respect to the homogeneous weights Ψ ϕ,x ; moreover, as shown in [14] ,
The swept out Monge-Ampère measure for homogeneous weights can be determined by the following procedure, see [14] . A function Φ ∈ P SH − (D n ) satisfying (2.10) generates the function f (t) := Φ(e t 1 , . . . , e tn ), convex and positive homogeneous in R n − . Given a subset F of the convex set
we put
Let ϕ be an almost homogeneous weight centered at x. Then for any
where the measure γ Φ on the set E Φ of extreme points of the set L Φ (2.14) is defined by (2.16) and (2.15) with Φ = Ψ ϕ,x .
Asymptotically analytic weights
Let φ ∈ W x have analytic singularity, i.e., φ = c log |F | + O(1) near x, where c > 0 and F is a holomorphic mapping of a neighbourhood of x to C N with isolated zero at x. As is known, the integral closure of the ideal generated by the components F j of F has precisely n generators
. By Theorem 3, we can then assume φ = c log |ξ| and consider F to be equidimensional and so, φ ∈ M W x , which we will tacitly do in the sequel. The collection of all weights with analytic singularities at x will be denoted by AW x .
As follows from Demailly's approximation theorem [6] , any φ ∈ W x can be approximated
Specifically,
where {f k,i } i is an orthonormal basis for the Hilbert space
A weight ψ ∈ W x will be called asymptotically analytic (ψ ∈ AAW x ) if for every ǫ > 0 there exists a weight φ ǫ ∈ AW x such that
by Theorem 3, we get then
According to [2] , a weight ϕ ∈ W x is called tame if there exists a constant C > 0 such that for every t > C and every analytic germ f from the multiplier ideal J (tϕ) of tϕ at x (that is, the function f e −tϕ is L 2 -integrable near x), one has log |f | ≤ (t − C)ϕ + O(1). For maximal weights ϕ, the latter can be written as σ(log |f |, ϕ) ≥ t − C, where σ is the relative type (2.7). Let ϕ be tame, and let ϕ k be Demailly's approximations of ϕ. By [2, Lemma 5.6], they satisfy 
where g u and g ϕ are certain formal plurisubharmonic functions on the space V of all centered normalized valuations and M A(g ϕ ) is a positive measure on V. We refer to [2] for precise definitions.
We will also need the following simple result on tame weights.
Proposition 1 If φ and ψ are tame maximal weights and α, β ∈ R + , then the greatest plurisubharmonic minorant ϕ of the function h = min {αφ, βψ} is a tame maximal weight and the constant C ϕ in (2.22) is independent of α and β.
Proof. Maximality of ϕ outside x is evident. Let ϕ k , φ k , ψ k denote Demailly's approximating weights for ϕ, φ, and ψ, respectively. Then
and similarly with βψ, so
and thus the tameness of ϕ.
Pluricomplex Green functions
We will use the following extremal function introduced (for the case of continuous singularity)
by V. Zahariuta [17] (see also [18] ); for the general case, see [15] . Let Ω ⊂ C n be a bounded hyperconvex domain. Given a plurisubharmonic function ϕ, locally bounded and maximal outside x ∈ Ω, let
This function is plurisubharmonic in Ω, maximal in Ω \ x, G ϕ,Ω = ϕ + O(1) near x, and G ϕ,Ω (z) → 0 as z → ∂Ω; moreover, it is a unique plurisubharmonic functions with these properties. Furthermore, if ϕ is continuous (and so, ϕ ∈ M W x ), G ϕ,Ω is continuous on Ω \ x.
We will refer to this function as the Green (or Green-Zahariuta) function with singularity ϕ.
If ϕ(z) = log |z − x|, then G ϕ,Ω is just the standard pluricomplex Green function G x,Ω of Ω with pole at x.
When ϕ is the indicator of a plurisubharmonic function v, the corresponding GreenZahariuta function can be alternatively described as the upper envelope of all nonpositive plurisubharmonic functions u in Ω such that ν u (x, a) ≥ ν v (x, a) for all a ∈ R n + [12] . Since any analytic weight is equivalent to a maximal analytic weight (see Section
(2.25)
Extremal functions for Lelong-Demailly numbers
Given a function u ∈ P SH x , it is convenient to consider its normalized Lelong-Demailly numbers with respect to weights ϕ ∈ W x ,
where
is the residual Monge-Ampère mass of ϕ. We have, in particular,ν(ϕ, ϕ) = 1 andν(cu, cϕ) = ν(u, ϕ) for all c > 0.
We will be concerned with upper bounds of functions u in terms ofν(u, ϕ). To this end, it looks reasonable to fix a bounded hyperconvex neighbourhood Ω of x and consider the upper envelope of the class
Note however that it need not be closed under the operation (u, v) → max {u, v}. Indeed, as follows from Theorem 2,
and the inequality can be strict.
Example 2 Take the weight ϕ = max{3 log |z 1 |, 3 log |z 2 |, log |z 1 z 2 |} in D 2 ; we have then τ ϕ = 6. The functions u j (z) = 2 log |z j | satisfyν(u j , ϕ) = 1, whileν(max j u j , ϕ) = 2τ −1 ϕ ν ϕ (0) = 2/3 < 1.
Furthermore, we would like to work also with plurisubharmonic functions whose definition domains are proper subsets of Ω. That is why we introduce the class
where for k ≥ 1,
Observe that the set N ϕ,Ω is convex, because if u i = max j u ij , i = 1, 2, then
Note that the function d ϕ,Ω need not belong to N ϕ,Ω ; this is the main difference with the construction of "usual" pluricomplex Green functions.
Proposition 2
Let Ω be a bounded hyperconvex domain in C n , and let ϕ ∈ W x , x ∈ Ω.
and is maximal in Ω \ {x};
Proof. By the Choquet lemma, there is a sequence u j ∈ N ϕ,Ω increasing to a function h such
Then v j ∈ N ϕ,Ω and satisfy (dd c v j ) n = 0 in B. Since v j ≥ u j , the functions v j increase a.e.
to d ϕ,Ω and so, (dd c d ϕ,Ω ) n = 0 in B. This proves (i).
Assertion (ii) holds because the Green function G ϕ belongs to N ϕ,Ω .
By Theorem 2, ν(d ϕ,Ω , φ) ≤ inf{ν(u, φ) : u ∈ N ϕ,Ω } for every weight φ ∈ W x . On the other hand, the above functions u j ∈ N ϕ,Ω converge to d ϕ,Ω in L 1 loc (the monotone convergence theorem), and Theorem 1 gives ν(d ϕ,Ω , φ) ≥ lim sup ν(u j , φ), which proves (iii).
The first relation in (iv) is obvious, and the second one follows from the fact that for any u ∈ P SH x withν(u, ϕ) ≥ 1, the function max {u, ϕ} can be extended from a neighbourhood of x to Ω as a bounded above plurisubharmonic function.
For almost homogeneous weights ϕ, asymptotics of the extremal functions d ϕ,Ω can be computed explicitly and they turn out to be simplicial (see the next section). In the general case, it is then likely that for the functions d ϕ,Ω form rather a small subclass of Green-like functions as well; it would be nice to get a description of such functions.
The function d ϕ,Ω can be estimated by means of flat weights defined as follows. Let σ(u, φ) denote the type of u relative to φ, see Section 2.1.
As follows from (2.6), the directional weights φ a,x are flat. More properties of flat weights will be given in Section 6.
Evidently, d φ,Ω = G φ,Ω (the Green-Zahariuta function) for any flat weight φ. This gives the following simple bound.
Proof. Letν(u, ϕ) ≥ 1. By Theorem 3, we have ν(u, φ) ≥ ν(u, ϕ) ≥ τ ϕ for any flat weight
φ τ ϕ , which implies the statements in view of (2.8) and Theorem 2. 
The case of almost homogeneous weights
Here we will show that if ϕ ∈ W x is an almost homogeneous weight (2.13), then the function Let us assume x = 0. Given a weight ϕ ∈ W 0 , we set
Theorem 5 Let Ω be a bounded hyperconvex domain in C n , 0 ∈ Ω, and let ϕ be an almost homogeneous plurisubharmonic weight centered at 0. Then d ϕ,Ω equals the Green-Zahariuta function for the singularity φ a,0 (1.1) in Ω with a ∈ R n + defined by (4.1).
Proof. Take any u ∈ P SH 0 withν(u, ϕ) ≥ 1; by Theorem 4,
By the definition of the indicator, ν u (0, −t) = −ψ(t), where ψ(t) = Ψ u,0 (e t 1 , . . . , e tn ). Therefore, the conditionν(u, ϕ) ≥ 1 implies
The function ψ is the restriction to R n − of the supporting function of a convex subset S of R n + : ψ(t) = sup { b, t : b ∈ S}. This gives us
where the vector µ ∈ R n − has the components
Therefore the set S lies in the half-space Π µ = {b : b, µ ≤ −1} and so, ψ(t) is dominated by the supporting function ψ µ of the set Π µ ∩ R n + . It is easy to see that ψ µ (t) = max k t k /|µ k |. As follows from Theorem 4 applied to the functions log |z k |, µ k = −a k with a k defined by (4.1), and thus ψ(t) ≤ max k t k /a k . This means that Ψ u,0 ≤ φ a,0 .
Let now v ∈ N ϕ,Ω have the form v = max j u j near 0 andν(u j , ϕ) ≥ 1. Then Ψ v,x = max j Ψ u j ,x ≤ φ a,0 . Therefore, in view of (2.12), v is dominated by the Green-Zahariuta function G for the singularity φ a,0 , so d ϕ,Ω ≤ G. 
just because the indicator of every weight has finite Lojasiewicz exponent.
where G a is the Green-Zahariuta function for the singularity φ a,0 in Ω with a ∈ R n + defined by (4.1).
Proof. Denote Ψ = Ψ ϕ,0 and take any u ∈ P SH x withν(u, ϕ) ≥ 1. By Theorem 3, condition (4.2) implies the inequality ν(u, Ψ) ≥ l 1−n τ ϕ . Therefore, by Theorem 5, u ≤ 0 with a defined by (4.1) .
In an analytic setting, Theorem 5 gives us the following result on monomial ideals. Given an ideal J and an m-primary ideal I of O 0 , denote by e(I) the Samuel multiplicity of I and by e n−1 (J , I) the mixed mixed multiplicity, due to Teissier and Risler [16] and Bivià-Ausina [1] , of J and n − 1 copies of I. Denote, furthermore, e k (I) = e n−1 (m k , I) for the principal ideal m k generated by the function z k .
Let I be an m-primary monomial ideal generated by monomials g 1 , . . . , g l , l ≥ n, and let ϕ = max j log |g j |; observe that ϕ is an indicator. Then e(I) = τ ϕ (because in the monomial case the both values equal n! times the covolume of the Newton polyhedron of the mapping g; in the general case, the equality is proved, for example, in [8] ). Furthermore, if an ideal cJ is generated by functions f 1 , . . . , f m , then e n−1 (J , I) = ν(log |f |, ϕ), where f = (f 1 , . . . , f m ) (this follows from multilinearity of the mixed multiplicities).
The numbers a k from (4.1) can now be computed now as
where m k is the principal ideal generated by the function z k , and Theorem 5 takes the following form.
Theorem 6 Let I be an m-primary monomial ideal in O 0 . If an ideal J satisfies e n−1 (J , I) ≥ p, then J is contained in the ideal generated by the functions z p k k , where
5 The case of (asymptotically) analytic weights
Given φ = c log |F | ∈ AW x , denote by a the primary ideal generated by By [15, Thm. 4.3] , there exist maximal weights φ i such that a i ν i (u) = σ(u, φ i ) for every u, and in [2, Thm. 5.13] these weights are proved to be continuous and tame. We will call them elementary representing weights for the weight φ. Tameness of these weights implies
This implies existence of positive numbers β 1 , . . . , β N with i β i ≥ 1, such that σ(u, φ i ) ≥ β i and thus, by (2.8) 
where φ β denotes the greatest plurisubharmonic minorant of the function min i β i φ i . Notice
Furthermore, let β 0 j denote the the least lower bound for σ(u, φ j ) over all u withν(u, φ) ≥ 1. Then
where Π 1 = {β ∈ R N : i β i ≥ 1}. Note that β 0 need not belong to Π 1 .
By Proposition 1, φ β is a tame maximal weight and the constant C ϕ in (2.22) for ϕ = φ β is independent of β; let us call it C. Then the Green-Zahariuta function G β of Ω for the singularity φ β satisfies
where G β ,k are the Green functions for Demailly's approximations of G β .
Any function u ∈ N φ,Ω satisfies u ≤ max j u j for finitely many functions u j withν(u j , φ) ≥ 1. Since u is negative in Ω, (5.1) applied to each u j implies the relation u ≤ max {G β : β ∈ B u }, where B u is a finite subset of the half-space Π 1 , depending on u. Therefore, by (5.2),
Since for β ∈ Π 1 ,ν
and thus G β ∈ N 0 φ,Ω , we have actually the equality d φ,Ω = G β 0 . In addition, (5.3) with β = β 0 implies
and thus its continuity and tameness.
Finally, if ψ is an asymptotically analytic weight, then (2.21) implies
thus d ψ,Ω is asymptotically analytic (since so are d ϕǫ,Ω ) and
which gives, in particular, its continuity.
As a result, we have got the following properties of the extremal functions for analytic and asymptotically analytic weights.
Theorem 7
If ψ is an asymptotically analytic weight and Ω is a bounded hyperconvex domain, then the function d ψ,Ω is continuous and has asymptotically analytic singularity. If ψ has analytic singularity, then d ψ,Ω is tame.
Flat weights
Here we consider the situation when the function d ϕ,Ω has the same asymptotic as ϕ. Assuming ϕ to be maximal, it is easy to see that this happens if and only if the weight ϕ is flat (i.e., satisfyingν(u, ϕ) = σ(u, ϕ) for all u, see Section 3). We denote the class of all flat maximal weights centered at x by F W x .
As follows from the definition of relative types, flat weights ϕ satisfy the relation ν(max {u, v}, ϕ) = min {ν(u, ϕ), ν(v, ϕ)} for any plurisubharmonic functions u and v. We will show that this is a characteristic property of the class of flat weights (see Corollary 5 below). Moreover, it suffices to check it only on u withν(u, ϕ) ≥ 1 and v = ϕ (Corollary 4).
The crucial step in proving the claim is the following extremal property of maximal weights.
The inequality v ≥ ϕ implies ϕ ≤ w ǫ ≤ v. Since ν(w, ϕ) = ν(v, ϕ) = τ ϕ , this gives the 
Corollary 4 If a weight ϕ ∈ M W x is such thatν(max {w, ϕ}, ϕ) = 1 for every w ∈ P SH x withν(w, ϕ) ≥ 1, then ϕ ∈ F W x .
Proof. Take any w ∈ P SH x withν(w, ϕ) ≥ 1 and a real R such that w < 0 in B and so, as we have just shown, σ(w, ϕ) ≥ 1, which meansν(u, ϕ) ≤ σ(u, ϕ). In view of (2.9) this completes the proof.
We can also give some "inner" sufficient conditions for a weight to be flat. Let us assume that there exist numbers K ≥ 0, τ > 0, and a family of plurisubharmonic functions {ϕ x } x∈ω , where ω is a bounded domain in C n , such that
for all x, y, z ∈ ω.
For example, this is the case for a family ϕ x (y) = ϕ(y − x) with a weight ϕ ∈ M W 0 (Ω) in a neighbourhood Ω of 0 ∈ C n that satisfies
Since ϕ x (x) = −∞, (6.5) implies, in particular,
together with (6.5), this means that the function ρ(x, y) = exp(ϕ y (x)) is a non-Archimedean quasi-metric on ω, that is, 
Assuming u negative in B ϕ r , inequality (6.13) gives then
and, since the only condition on y is that ϕ(y) = t, Letting ǫ → 0 completes the proof.
Example 3 It is easy to see that the weights ϕ = φ a,0 (1.1) satisfy (6.7) with K = (min a k ) −1 log 2 and therefore are flat. In particular, this recovers Kiselman's result that the directional Lelong number can be calculated by means of both the maximal and mean values.
Example 4 An almost homogeneous weight ϕ ∈ W x is flat if and only if its indicator Ψ ϕ,x is simplicial, which follows from Theorem 5. This does not hold true without the homogeneity assumption.
Example 5 Let f be an irreducible holomorphic function on a neighbourhood of 0 ∈ C 2 such that f (0) = 0 and {f = 0} is transverse to {z 1 = 0}. By [9, Prop. 3.6 and 3.9] , the weight ϕ = log max{|z 1 | s , |f |} is flat for any s ≥ mult 0 f . We do not know if this can be deduced from Theorem 8.
Example 6 If F is a biholomorphic mapping between neighbourhoods of x and y, and if a weight ϕ ∈ F W y , then the weight ψ = F * ϕ ∈ F W x .
Open questions
Here we would like to mention a few questions that are, as we believe, quite important in understanding the nature of plurisubharmonic singularities.
1. Do there exist weights ϕ such that d ϕ ≡ 0?
2. As pointed out in Example 4, solutions to the extremal problem for homogeneous weights are exactly flat weight functions. Is d ϕ , for any weight ϕ, flat? It would be interesting to have an answer even in the case of weights with analytic singularities. Is it a characteristic property for flat weights as well?
